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Multiscale modelling

Effective bacterial uptake 
with gas bubbles of 

nutrient

Effective bacterial uptake 
and effective nutrient source

Separate regions of 
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Key questions

• What form should the effective uptake take?

• Scaling with surface area or volume?

• Can we determine how the transition between surface area and 
volumetric scaling occurs?
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• Nutrient diffusion

In bacteria
• Nutrient diffusion
• Nutrient absorption

At bacterial membrane
• Concentration flux is conserved
• Concentration balance is maintained
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Model formulation

@⌦b

In culture medium
• Nutrient diffusion

In bacteria
• Nutrient diffusion
• Nutrient absorption

At bacterial membrane
• Nutrient flux is conserved
• Nutrient is maintained in local equilibrium
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Mathematical homogenization

Goal: derive an equation for the local average from the full system



Mathematical homogenization
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We want a governing equation for the locally-averaged concentration
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Mathematical homogenization
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E↵ective uptakeE↵ective di↵usion

Our main interest

D is an e↵ective di↵usion coe�cient to be determined via homogenization
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Three important cases

Upscaling di↵usion through first-order volumetric sinks: a homogenization of bacterial nutrient uptake

MP Dalwadi, Y Wang, JR King, NP Minton, SIAM J Appl Math, 78, pp. 1300–1329
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Bact. di↵usivity Uptake strength Bact. density

Case 1 Normal Normal Normal

Case 2 Very small Normal Normal

Case 3 Normal Very large Very sparse
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Case 1

• This is the important problem for the effective diffusion

Bact. di↵usivity Uptake strength Bact. density

Case 1 Normal Normal Normal

Case 2 Very small Normal Normal

Case 3 Normal Very large Very sparse
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Case 1

• This is the important problem for the effective diffusion

• The effective uptake scales with bacterial volume

Bact. di↵usivity Uptake strength Bact. density

Case 1 Normal Normal Normal

Case 2 Very small Normal Normal

Case 3 Normal Very large Very sparse
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Case 2

• A ‘double-porosity’ model

Bact. di↵usivity Uptake strength Bact. density

Case 1 Normal Normal Normal

Case 2 Very small Normal Normal

Case 3 Normal Very large Very sparse
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Case 2

• A ‘double-porosity’ model

• The effective uptake now has a memory property
• The history of the problem is important until a steady state is reached.

Bact. di↵usivity Uptake strength Bact. density

Case 1 Normal Normal Normal

Case 2 Very small Normal Normal

Case 3 Normal Very large Very sparse
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Case 2 (steady state)

f [bc] = 4⇡ ˆDR
⇣p

µ̂R coth

p
µ̂R� 1

⌘
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R is bacterial radius
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D̂ is bacterial di↵usivity
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µ̂ is actual (pointwise) strength of uptake
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Case 2 (steady state)
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f [bc] scales with bacterial surface area for strong uptake
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f [bc] scales with bacterial surface area for strong uptake

<latexit sha1_base64="iSrKFlPD2lG+pujxrdZPbWy9lNw="></latexit><latexit sha1_base64="iSrKFlPD2lG+pujxrdZPbWy9lNw="></latexit><latexit sha1_base64="iSrKFlPD2lG+pujxrdZPbWy9lNw="></latexit><latexit sha1_base64="iSrKFlPD2lG+pujxrdZPbWy9lNw="></latexit>

f [bc] scales with bacterial volume for weak uptake
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ρ
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Case 3

Bact. di↵usivity Uptake strength Bact. density

Case 1 Normal Normal Normal

Case 2 Very small Normal Normal

Case 3 Normal Very large Very sparse
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f [bc] scales with bacterial radius for strong uptake

<latexit sha1_base64="BftOec+fKJJIrMVd9SOTUTpcKQY="></latexit><latexit sha1_base64="BftOec+fKJJIrMVd9SOTUTpcKQY="></latexit><latexit sha1_base64="BftOec+fKJJIrMVd9SOTUTpcKQY="></latexit><latexit sha1_base64="BftOec+fKJJIrMVd9SOTUTpcKQY="></latexit>

f [bc] scales with bacterial surface area for low di↵usivity

<latexit sha1_base64="ompoCQuXko7tkyC0TuXpVIB3czc="></latexit><latexit sha1_base64="ompoCQuXko7tkyC0TuXpVIB3czc="></latexit><latexit sha1_base64="ompoCQuXko7tkyC0TuXpVIB3czc="></latexit><latexit sha1_base64="OQ4DEPNn++pTVv3w043nmLp61WI="></latexit><latexit sha1_base64="UhkWqvceeL5mA6l212FzRi7m41k="></latexit><latexit sha1_base64="UhkWqvceeL5mA6l212FzRi7m41k="></latexit><latexit sha1_base64="ymRFB+E37cVkxNLESkiEk+UDznc="></latexit><latexit sha1_base64="ompoCQuXko7tkyC0TuXpVIB3czc="></latexit><latexit sha1_base64="ompoCQuXko7tkyC0TuXpVIB3czc="></latexit><latexit sha1_base64="ompoCQuXko7tkyC0TuXpVIB3czc="></latexit><latexit sha1_base64="ompoCQuXko7tkyC0TuXpVIB3czc="></latexit><latexit sha1_base64="ompoCQuXko7tkyC0TuXpVIB3czc="></latexit><latexit sha1_base64="ompoCQuXko7tkyC0TuXpVIB3czc="></latexit>



Extension to nonlinear uptake

• Sub-linear uptake can be detected

log (uptake)

<latexit sha1_base64="+mhU5lKxdyrsK0ZoWYyUm27xGaM="></latexit><latexit sha1_base64="+mhU5lKxdyrsK0ZoWYyUm27xGaM="></latexit><latexit sha1_base64="+mhU5lKxdyrsK0ZoWYyUm27xGaM="></latexit><latexit sha1_base64="+mhU5lKxdyrsK0ZoWYyUm27xGaM="></latexit>

log (concentration)

<latexit sha1_base64="uoKNTzbVqZ0jON9p7c6HyFfVKFg="></latexit><latexit sha1_base64="uoKNTzbVqZ0jON9p7c6HyFfVKFg="></latexit><latexit sha1_base64="uoKNTzbVqZ0jON9p7c6HyFfVKFg="></latexit><latexit sha1_base64="uoKNTzbVqZ0jON9p7c6HyFfVKFg="></latexit>

1
<latexit sha1_base64="+GGp7TCaBUmtE0cY+cf5LTaif7o="></latexit><latexit sha1_base64="+GGp7TCaBUmtE0cY+cf5LTaif7o="></latexit><latexit sha1_base64="+GGp7TCaBUmtE0cY+cf5LTaif7o="></latexit><latexit sha1_base64="+GGp7TCaBUmtE0cY+cf5LTaif7o="></latexit>

↵
<latexit sha1_base64="oiTlBXB2x3onyCX0B6dEt0veIWs="></latexit><latexit sha1_base64="oiTlBXB2x3onyCX0B6dEt0veIWs="></latexit><latexit sha1_base64="oiTlBXB2x3onyCX0B6dEt0veIWs="></latexit><latexit sha1_base64="oiTlBXB2x3onyCX0B6dEt0veIWs="></latexit>

(when the dissolved gas concentration is small)



Extension to nonlinear uptake

• Sub-linear uptake can be detected

• Measurements cannot discern between super-linear and linear uptake

log (uptake)

<latexit sha1_base64="+mhU5lKxdyrsK0ZoWYyUm27xGaM="></latexit><latexit sha1_base64="+mhU5lKxdyrsK0ZoWYyUm27xGaM="></latexit><latexit sha1_base64="+mhU5lKxdyrsK0ZoWYyUm27xGaM="></latexit><latexit sha1_base64="+mhU5lKxdyrsK0ZoWYyUm27xGaM="></latexit>

log (concentration)

<latexit sha1_base64="uoKNTzbVqZ0jON9p7c6HyFfVKFg="></latexit><latexit sha1_base64="uoKNTzbVqZ0jON9p7c6HyFfVKFg="></latexit><latexit sha1_base64="uoKNTzbVqZ0jON9p7c6HyFfVKFg="></latexit><latexit sha1_base64="uoKNTzbVqZ0jON9p7c6HyFfVKFg="></latexit>

1
<latexit sha1_base64="+GGp7TCaBUmtE0cY+cf5LTaif7o="></latexit><latexit sha1_base64="+GGp7TCaBUmtE0cY+cf5LTaif7o="></latexit><latexit sha1_base64="+GGp7TCaBUmtE0cY+cf5LTaif7o="></latexit><latexit sha1_base64="+GGp7TCaBUmtE0cY+cf5LTaif7o="></latexit>

↵
<latexit sha1_base64="oiTlBXB2x3onyCX0B6dEt0veIWs="></latexit><latexit sha1_base64="oiTlBXB2x3onyCX0B6dEt0veIWs="></latexit><latexit sha1_base64="oiTlBXB2x3onyCX0B6dEt0veIWs="></latexit><latexit sha1_base64="oiTlBXB2x3onyCX0B6dEt0veIWs="></latexit>

(when the dissolved gas concentration is small)



Conclusions

• We systematically derived the effective uptake for nutrient diffusing 
through a colony of bacteria.

• We found how the effective uptake smoothly transitions between 
scaling with the bacterial radius, surface area, and volume.

• Our model allows us to determine when we will be able to deduce 
bacterial properties from experimental observation.
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